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ABSTRACT

This research is aimed to investigate students’ conceptual understanding of drawing graphs in three-
dimensional space through the application of APOS theory. Additionally, genetic decomposition is designed
for graphs to facilitate conceptual understanding and assist lecturers in planning learning activities. A
qualitative descriptive method is also adopted and data collection is performed through tests, interviews,
and documentation, while the validity techniques use triangulation. The results show that students with
high, moderate, and low abilities have an understanding of the action, process, and object stages in drawing
graphs in three-dimensional space. However, those with moderate and low abilities lack understanding at
the object stage. Some reported errors are challenges in creating graphs, with instances of being erroneously
constructed in two-dimensional space. There are also errors in determining the intersection point of lines
with Cartesian coordinate axis, as well as in drawing and connecting traces.

Keywords: Errors; Genetic Decomposition; APOS Theory; Graphics; Three-Dimensional Space.
RESUMEN

Esta investigacion tiene como objetivo investigar la comprension conceptual de los estudiantes sobre el dibujo
de graficos en el espacio tridimensional mediante la aplicacion de la teoria APOS. Ademas, se disefia una
descomposicion genética de los graficos para facilitar la comprension conceptual y ayudar a los profesores a
planificar las actividades de aprendizaje. También se adopta un método cualitativo descriptivo y la recogida
de datos se realiza mediante pruebas, entrevistas y documentacion, mientras que las técnicas de validez
utilizan la triangulacion. Los resultados muestran que los alumnos con capacidades altas, moderadas y bajas
comprenden las etapas de accion, proceso y objeto en el dibujo de graficos en el espacio tridimensional.
Sin embargo, aquellos con capacidades moderadas y bajas carecen de comprension en la etapa de objeto.
Algunos errores reportados son desafios en la creacion de graficos, con casos de ser erroneamente construidos
en el espacio bidimensional. También hay errores en la determinacion del punto de interseccion de lineas
con ejes de coordenadas cartesianas, asi como en el trazado y conexion de trazos.

Palabras clave: Errores; Descomposicion Genética; Teoria APOS; Graficos; Espacio Tridimensional.

© 2025; Los autores. Este es un articulo en acceso abierto, distribuido bajo los términos de una licencia Creative Commons (https://
creativecommons.org/licenses/by/4.0) que permite el uso, distribucion y reproduccion en cualquier medio siempre que la obra original
sea correctamente citada


https://doi.org/10.56294/saludcyt20251833
https://orcid.org/0000-0003-3522-4429
mailto:yerizon@fmipa.unp.ac.id?subject=
https://orcid.org/0000-0003-0800-0585
mailto:arnawa1963@gmail.com?subject=
https://orcid.org/0000-0002-6132-8996
mailto:arnellis_math@fmipa.unp.ac.id?subject=
https://orcid.org/0000-0001-5539-050X
mailto:fridgo_tasman@fmipa.unp.ac.id?subject=
https://orcid.org/0009-0005-6530-8203
mailto:yarman@fmipa.unp.ac.id?subject=
https://orcid.org/0009-0001-5845-1539
mailto:angellyhevardanikelly@gmail.com?subject=
https://creativecommons.org/licenses/by/4.0
https://creativecommons.org/licenses/by/4.0
https://doi.org/10.56294/saludcyt20251833
https://orcid.org/0000-0003-3007-920X
mailto:yerizon@fmipa.unp.ac.id?subject=

Salud, Ciencia y Tecnologia. 2025; 5:1833 2

INTRODUCTION

Students are experiencing challenges in mathematics and science courses.™ Calculus is a prerequisite for
further courses and one of the items on the general intelligence test.?% In the calculus course during the initial
semester, students engage in the analysis of graphs within three-dimensional space. This academic pursuit
is followed by the exploration of Multivariable Calculus (MC) in the third semester. Within the curriculum,
proficiency is acquired in comprehending functions including two or more variables within two or three-
dimensional space. The intended learning outcomes comprise the development of ability to comprehend and
apply concepts related to coordinate systems, partial derivatives, double integrals, and practical applications,
with an understanding of infinite series. The MC lectures commence with an exposition on the Cartesian
coordinate system within the plane (R2), progressing to the polar coordinate system.

Students are introduced to the interrelation between the Cartesian and polar coordinate systems while
acquiring skills to solve equations. The instructional sessions proceed to address the coordinate system in
three-dimensional space (R3), commencing with the mapping of points across various octants. Students are
educated on the general forms and techniques for graphing flat planes, cylinders, and elliptic paraboloids
within three-dimensional space. However, there is a high struggle to understand the concepts, and often
make errors in drawing graphs. Previous results have confirmed a lack of conceptual understanding regarding
graphs in three-dimensional space. It will hinder students’ ability to transfer and generalize knowledge.® As
stated by Aniswita et al.®; an individual is considered to have a great grasp of mathematics when she can
make connections between each of them of knowledge. Therefore, the mental constructions of mathematical
knowledge facilitating individuals’ understanding should be investigated. This research relies on a constructivist
paradigm in learning, specifically APOS (Action-Process-Object-Schema) theory, where mental constructions
leading to the understanding of mathematical concepts can be modeled. APOS theory provides a model for
learning mathematical concepts and analyzing the construction of individuals’ knowledge.®

This theory can describe the formation of mathematical knowledge within individuals. The objective to be
achieved is the formation of students’ mental constructions.?” Action is an externally driven transformation
of previously conceptualized mathematical objects. This is performed by individuals in response to external
stimuli and is carried out explicitly, step by step, following instructions. Individuals are less reliant on external
signals and perform transformation with internal operations when internalizing an action into a process. For
individuals to apply an action to a process, the process should be understood where transformations can be
operated and constructed. At this stage, individuals have encapsulated the process into an object. Besides
the mechanism, a new object can also be formed by de-encapsulating one or more previously formed objects
into the process. A schema is a collection of coherent mental structures and the relationships between these
structures used by individuals in facing mathematical problems.®

Students with conceptual understanding also have good procedural knowledge.® Gaisman et al.® investigated
the relationship between ideas on subsets of three-dimensional space and understanding of function graphs
with two variables. Understanding can be associated with the schema structure in R3 and flexibility in using
different representations. Most students struggle to comprehend function graphs with two variables following
the inability to build a well-developed schema for R3. On the contrary, Martinez-Planell et al."® found that
significant difficulties were not experienced in creating graphs and describing the functions of two variables.
Most of the constructions predicted were performed by genetic decomposition because the coordination of
sets, functions of one variable, and R3 schema played a role in creating function graphs with two variables.

Previous results used theoretical frameworks in investigating mathematical understanding. Meanwhile, this
research uses APOS theory developed by Dubinsky in the 1980s.© Reflective abstraction as the construction of
mathematical logic structures by individuals during the cognitive development process. Dubinsky"" used the
approach to identify students’ difficulties in understanding mathematical concepts. Furthermore, the concepts
that have been the focus of APOS-based research include function limits,'? derivatives,® and linear algebra.
" Maharaj'» used APOS theory to investigate the understanding of function limits. Students experienced
challenges in understanding the concept of limits, primarily attributed to a deficiency in the appropriate
mental structures at the levels of process, object, and schema.

Oktac et al.™ analyzed written answers based on APOS theory and presented conclusions regarding mental
constructions of linear transformations. This was followed by interviews with some participants to investigate the
level of understanding. In addition, Siyepu"® explored students’ errors in solving function derivative questions.
Based on the results, there is a limited association between mental constructions and the types of errors. The
use of APOS theory for data analysis is examined by connecting the error classification in written answers with
mental structures. Finding research on students’ mental frameworks when drawing three-dimensional graphs is
uncommon, yet. Studying students’ mental frameworks and errors that they produce when constructing three-
dimensional graphs serves as essential. The research questions are: What does genetic decomposition look
like for drawing three-dimensional graphs?; How are student answers analyzed?; and What are the mistakes
students make in drawing three-dimensional graphs?
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METHOD
Research Subject

This research comprises third-semester students of the mathematics study program at the FMIPA Universitas
Negeri Padang. This study involved two classes, namely in class A there were 37 students and class B there were
36 students. All of these students took the multivariable calculus course in the July-December 2023 semester.
The understanding level of students is divided into three categories, namely high, moderate, and low ability.
Based on this, one student each was randomly selected to represent the three abilities.

Instruments

The investigation into conceptual understanding based on APOS theory begins with the design of the Genetic
Decomposition (GD) for the concept. GD is defined as a set of mental constructs that depict the thought
processes of students in understanding a concept. This is designed by considering the epistemological nature of
the concept, the mathematical understanding, knowledge of APOS theory, and experience in teaching.® Each
individual has a different thought process in constructing the understanding.® This research designs a GD in
drawing graphs in three-dimensional space, as shown in figure 1.

Pre-requisite Materials

Drawing Graphs in R?

[ | |

¥

Determine the point of § . . Connect the intersection points
2 % i & Draw a Cartesian coordinate i E
intersection of a line with e of the lines to form a graph in
respect to the x-axis and y-axis R?

Drawing Graphs in R3
1 l | i
L 4 v

Determine the points of
intersection of a line with respect
to the x-axis, y-axis, and z-axis

Determine the trace on the Draw a Cartesian coordinate Connecting each trace to form a
XO0Y, XOZ, and YOZ planes axis graph in R3

Figure 1. GD in drawing graphs in three-dimensional space

Based on figure 1, students should master prerequisite material before drawing graphs in three-dimensional
space. Graphs are first drawn in two-dimensional space, which serves as prerequisite material, starting from
determining the intersection points of lines with x and y axes. Subsequently, Cartesian coordinate axes are drawn
and connected with the intersection points. The concept of drawing graphs in three-dimensional space is easily
understood after students have become proficient in drawing graphs in two-dimensional space. Initially, XOY,
X0Z, and YOZ planes should be determined before drawing and connecting the traces accurately. Furthermore,
interview guidelines are used to dig deeper into information related to answers. The results show the thought
process of students in solving the question. Draw the graph of z - 9 + x? + y2 = 0 in three-dimensional space!

Data Collection and Analysis

Table 1. Classification of students’ errors in drawing graphs in
three-dimensional space

Students’ Answers Error Classification

Not making graphs. Even when there is, the Arbitrary Error (AE)
graph is made in two-dimensional space.

Incorrect in determining the point of Structural Error (SE)
intersection of the line with the Cartesian
coordinate axis and the trace on each plane.

Incorrect in drawing and connecting the Executive Error (EE)
traces on each plane.
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Students work on two questions related to graphs in three-dimensional space. Furthermore, the answers
written by students are accessed with a weight of 10. The answers are categorized as correct when the students
succeed in determining the intersection point of the line with x, y, and z axes, determining the traces on each
plane, drawing the coordinate axes, and connecting the traces to form a graph in three-dimensional space.
However, the inability to draw and connect the traces on the Cartesian coordinate axes will be classified as a
partially correct answer. Students’ answers are analyzed using the error classification according to Orton!"”, as
shown in table 1. Besides analyzing answers, this research also conducts interviews with three students who
have different abilities. The aim is to explore information related to the provided answers and find out the
thinking patterns of students in drawing graphs.

RESULTS

The achievement of students in painting graphs in three-dimensional space can be seen in figure 2. 56 %
reached the action and process stages while 44 % reached the action, process, and object stages in drawing
graphs. Out of the 44 %, 25 % made mistakes and 19 % managed to draw graphs in three-dimensional space
correctly. The data is obtained from students’ achievements in each mental construct of APOS theory, as shown
in table 2.

s Process

= Object

Figure 2. Achievement of APOS stages in question

Table 2. Indicators of students’ concept understanding based on APOS theory

Topic  Stages of APOS Indicator
Action Students are able to:
Identify what is known and asked in the question.
Process Students are able to:
Determine the points of intersection of the line concerning the x, v,
and z axes.

Determine the coordinates of the vertex of the parabola.

Object Students are able to:
Draw a Cartesian coordinate axes.
Draw traces on the plane to form a graph in three-dimensional space.
Describe the information needed to draw a graph in three-dimensional
space.

Schema Students are able to:
Use concepts and procedures in solving story questions related to
graphs in three-dimensional space.

Graphs in Three-dimensional Space

Students’ errors in drawing graphs are also analyzed, as shown in table 3. There are no AE since students
pay attention to the limits set in the question. Meanwhile, about 20,27 % and 59,46 % make SE and EE. From
the questions above, the dominant errors in drawing graphs are EE.

Table 3. Students’ errors in painting graphs in
three-dimensional space

Error Classification Question
AE

SE 20,27 %
EE 59,46 %
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Students determine the intersection point of the line with Cartesian coordinate axis but cannot draw the
graph in three-dimensional space (AE), as shown figure 3a. Errors are made in determining the intersection
point with the Cartesian coordinate axis and the trace on each plane (SE) since the graph formed is wrong, as
shown figure 3b. In contrast to figure 3c, there is success in determining the intersection point of the line with
Cartesian coordinate axis. However, students fail to draw and connect the traces on each plane (EE).
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Figure 3. AE (a), SE (b), and EE (c)

High-ability student (HS)

In figure 4, HS writes the known equation and adds 9 to the two segments to obtain equation z + x? + y? =
9. XQOY, XOZ, and YOZ planes are determined before drawing the traces on Cartesian coordinates. To further
explore HS’s understanding in solving question, the following interview is conducted.
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Figure 4. HS’s answer

HS can identify what is known and asked in the question, determine the coordinates of parabola vertex,
draw Cartesian coordinate axis, as well as obtain traces on the plane. Therefore, there is an understanding of

the action, process, and object stages in drawing graphs in three-dimensional space.

Medium-ability student (HS)
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Figure 5. MS’s answer
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In figure 5, MS writes the known equation into x2 + y?2 + z = 9. The intersection points of the line are
determined concerning x, y, and z axes before connecting the points on Cartesian coordinate axis. Moreover,
MS was interviewed by the researcher.

Researcher: try to explain the trace on each field that you get!

MS: (silence)

Researcher: if we want to determine the trace on the XOY plane, what variable is 0?

MS: z = 0, means the trace is x2 + y2 = 9 ma’am.

Researcher: okay, good. How about the traces on the XOZ and YOZ planes?

MS: if we look at the trace on the XOZ plane, it means y = 0, hence we get z + x2 = 9. For the trace on the
YOZ plane, it means x = 0, hence we get z + y2 = 9.

Researcher: how do you connect these traces to form a graph in three-dimensional space?

MS: | made a mistake in drawing the graph.

Researcher: why is that?

MS: because the trace on the XOY plane should form a circle with the center at (0, 0) and a radius (r) of 3.
Yesterday, | only connected each point obtained with a straight line.

Based on the interview above, MS can identify what is known and asked in the question, determine the
vertex of a parabola, draw Cartesian coordinate axes, and obtain traces on each plane correctly. However,
there is no possibility of drawing each of the traces on Cartesian coordinate axes. MS makes EE due to the
failure in manipulation when associated with the classification of Orton”). The graph created is incorrect since
only the obtained points are connected with a straight line.

Low-ability student (LS)

Figure 6 shows that LS writes down the known equation as x? + y? = 9 - z. Subsequently, the vertex of the
parabola is determined by substituting x = 0 and y = 0 into the equation x? + y* = 9 - z. Cartesian coordinate
axes created are correct but LS draws an upward-opening parabola with the vertex (0, 0, 9), making the answer
incorrect.

b]2-g4xteyi-0 2%
A, bk A

In the equation above, We can ree that Jﬂq?_alath uE 3 {0,0.9)

15 1g the {n:rn n{l 2 jargbolaid Q“L_i_.fe 8

rtys = §-9 3

X=0 St - I-j-q .II;

Y=0-% g-3 =0

g=2 [D,n.g’; y

3

'3

- t

Figure 6. LS’s answer

Researcher: what steps did you take to solve the question?

LS: first, we determine the values of x, y, and z. In this question, the graph is an upward-opening parabola
with the vertex (0, 0, 9), ma’am.

Researcher: can you explain the traces on each plane that you obtained?

LS: i did not determine the traces on each plane, ma’am.

Researcher: why is that?

LS: i thought drawing the graph was enough by just knowing its vertex, ma’am.

Researcher: if we want to determine the trace on the XOY plane, which variable has a value of 0?

LS: the variable z, ma’am. Hence, the trace is a circle, right?
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Researcher: okay, what about the traces on the XOZ and YOZ planes?

LS: we substitute x = 0, ma’am. (answering hesitantly)

Researcher: if we substitute x = 0, that means we are looking for the trace on which plane?
LS: (silent)

Researcher: how do you create the graph in three-dimensional space?

LS: from the point (0, 0, 9), we draw an upward-opening parabola, ma’am.

Based on the interview above, LS can identify what is known and asked in the question, determine the
vertex of a parabola, and draw the Cartesian coordinate axes accurately. However, there is no possibility of
determining and drawing traces on the Cartesian coordinate axes. SE is made due to the failure to understand
the fundamental principles for the solution.

Table 4. Achievements of HS, MS, and LS
APOS Stages/ Indicators

Subject Action Process Object

1 1 2 1 2 3
HS I F o rrr
MS T lFrr I
LS I I

The summary of achievements for HS, MS, and LS in solving question is presented in table 4. This question
has 1, 2, and 3 indicators at the action, process, and object stages, respectively. HS achieves all indicators at
the action, process, and object stages. MS and LS achieve all indicators at the action and process stages but
only 2 and 1 at the object stage, respectively.

DISCUSSION

This research reports the use of APOS theory in investigating students’ conceptual understanding of drawing
graphs in three-dimensional space. The results show that HS, MS, and LS have an understanding of the action,
process, and object stages in drawing graphs in three-dimensional space. However, the understanding of MS and
LS is still lacking at the object stage. This is relevant to the findings of Yerizon et al.(® where the understanding
of MS at the object stage is not optimal and LS are still lacking at the process and object stages in constructing
the concept of partial derivatives. Another finding showed that MS successfully reached the APOS stage when
solving double integral using polar coordinates. On the other hand, LS failed to draw the integral area and
determine the integral boundary correctly.(”

Studying that fails to result in conceptual and procedural knowledge is the cause of students’ conceptual
ignorance.® Despite considering the mathematical concepts underlying the solutions, students purely resembled
the methods used by their teachers.® According to previous study, HS are able to construct knowledge up to
the object stage by accurately drawing graphs of linear equations and determining the points, MS can construct
knowledge at the object stage but may experience slight errors in calculation algorithms, and LS cannot
construct abilities at any stage. The following demonstrates that LS require extra assistance in comprehending
mathematical concepts particularly any that tend to be abstract in character. Instructors must provide them
with materials based on what they’re seeking to acquire knowledge. Fauzan et al.?" hence developed a
mathematical cognition-based learning system for number teaching in order to instruct LS.

Math problems are attempted differently by each student. It seems evident from each student’s capability,
the complexity of the challenge, and how well the approach works to solve mathematical problems.?? Students’
ways of solving problems are influenced by their attitudes?® and learning materials.? Contrary to Suliani et
al.® findings that students’ diverse beliefs don’t affect their metacognitive abilities in carrying out problem
solving procedures. Students understand the value of educational materials that can facilitate their education.
@ According to Harisman et al.?” investigation, there was no discernible variation in the utilization of the
serving backward approach between male and female students. Put another way, applying serving backwards
techniques yields better and more efficient results while tackling high school mathematical issues. This is
primarily a result of the strategy’s quick processing and minimal number of calculating processes.

In the action stage, male students draw graphs directly on Cartesian plane and use the general form of
quadratic functions, while the female counterparts create pairs of point tables to make graphs and use the
general form.®) In the process stage, male students substitute some numbers into the equation and then
connect the points, while females determine intersections with the coordinate axes, find other points, and
observe the direction of the graph. In the object stage, male students create graphs by shifting the top part of
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the graph, while females determine the function formula by adding the constant from the original graph and
both genders have not reached the scheme stage.

Research on students’ thinking levels has also been conducted in several countries on various topics. Martinez-
Planell et al.? applied APOS-based two-variable function learning through three cycles. Students using APOS-
based activities were able to visualize surfaces, basic planes, curves, and other mathematical processes.
Dynamic representations were produced related to two-variable functions without having to perform explicit
calculations. Students could build meaningful connections with other mathematical knowledge to coordinate
different processes and justify the procedures used without relying on memorized facts. Therefore, different
APOS research cycles can be used to improve students’ mathematical understanding.

Bansilal et al.®” explored pre-service teacher understanding of surjective and injective functions through
real analysis courses at the University of South Africa. Most pre-service teachers reached the action stage and
did not show the object stage of the concept. Students identified subjective or injective functions using certain
rules but were unable to explain the associated reason. This is due to a lack of understanding of function and
set, which are prerequisite materials. Sefik et al.®" showed the understanding of three-dimensional space and
two-variable functions. Only one student was able to construct the concept of three-dimensional space as an
object in the genetic decomposition framework. Some could not connect the concepts of two-variable functions
and three-dimensional space. Diaz-Berrios et al.®? also used APOS theory to explore the understanding of
exponential and logarithmic functions. Group A students built some intended processes, while Group B needed
more time to prove some constructions due to a lack of class discussion activities.

The understanding of high school teachers regarding linear algebra. The conceptual framework combined
with APOS theory played a crucial role in the design, implementation, and data analysis of the teaching
experiment.®¥ Some of the difficulties in solving linear algebra problems include a lack of attention to the use
of concepts, ideas, and symbols in linear algebra, understanding the concept of linear algebra at the process,
object, and scheme levels, and class participation. The concept of gradient can be formed by associating
geometric comparisons, algebra, as well as function and linear constant properties. The features also considered
are parametric coefficients, behavioral indicators, physical and determining properties, real-world situations,
trigonometric concepts, and calculus. %

The understanding of the concept of limits improved after using GeoGebra integrated with a multi-teaching
approach in APOS paradigm.®% Martinez-Planell et al.®® reported students’ understanding of the relationship
between Riemann sums and double integral. The object stage was not shown and this indicated the importance
of each mental construction. The same topic was also examined by Borji et al.®”, which most students had not
reached the process stage in visualizing the volume of solid objects and connecting Riemann sums with definite
integrals. GD consists of cylinders, solid objects, cross-sectional area, Riemann sums, and geometric-analytic
volume. Figueroa et al.®® focused on scrutinizing the cognitive processes used by students when addressing
pesticide modeling problems. Using APOS theory as a thinking framework, Garcia-Martinez et al.®” presented a
cognitive model of mathematical induction principles in college. The use of mathematical induction principles
based on APOS theory can identify difficulties and strategies used when engaging in activities with natural
numbers.

Additionally, our investigation revealed a variety of student mistakes made when drawing graphs in three
dimensions. We applied Orton'” mistake categorization in this instance. A common mistake made by students
when sketching and linking traces on each plane is EE. Unlike our error classification, errors made in the topic
of linear equations with two variables include interpretation errors-mistakes in transforming questions into
mathematical meanings, as well as drawing necessary conclusions to answer the questions, conceptual errors-
mistakes made in answering questions with a single and many solutions, procedural errors-these mistakes are
usually experienced in concluding the problem, and technical errors-calculation errors are made including the
division of integers in fractional form.“? Tatira“" also found the same, students faced difficulties in procedural
ways. Students struggled with problems that required higher-level mental construction, namely the process
and object.

With different thinking levels, teachers can understand the development of mathematical performance
and analyze cognitive abilities.® Students show distinct learning trajectories characterized by the capacity
to transition between processes and actions, as well as the ability to move between objects and processes,
with the flexibility to revert from one to the other. In understanding mathematical concepts, each student has
different characteristics, and the mental constructions are subjected to different stages.“*? The success or
failure in solving mathematical problems could be seen from the mental constructions achieved. APOS theory
framework is an effective method for analyzing the construction and relationships of mathematical concepts.
It can facilitate students in building ideas related to a mathematical concept.®4*) As Arnawa et al.“*¥ found
that students’ level of understanding of elementary linear algebra based on APOS theory is better than the
traditional approach.
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CONCLUSIONS

To draw three-dimensional graphs, students must be proficient in drawing two-dimensional graphs. Firstly,
students determine the intersection points with respect to the x, y, and z axes. Then proceed to determine
the trace with respect to the XOY, XOZ, and YOZ planes. Students draw the Cartesian coordinate axes and
connect each trace so that a three-dimensional graph is formed. High, moderate, and low-ability students were
reported to possess an understanding of the action, process, and object levels in drawing graphs. However, the
understanding of moderate and low-ability students at the object level was still lacking and errors were from
a lack of attention to the specified limits. Errors were also made in determining the intersection points of lines
with the coordinate axis and traces on each plane, as well as drawing and connecting traces on each plane.
Therefore, future research should be conducted to refine the GD, modify related instruments, and expand the
error classification in data analysis.
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